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The quasistatic contact problem with friction
for three-dimensional elastic bodies
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Résumé - A partir.de la formulation faible du preobléme de contact, on montre gue pour de nombreux
cas importants d'un point de vue technologique, tels gue les contacts ¥oue-rail et les contacts
dans les voulements & bille ou & rouleaux, la surface de contact et les efforts normaux sont.
indSpendants des forces de traction tangentielles., Des algorithmes particuliers ont &té
développés dans ce cas; ils sont tout A fait fiables. Un autre algorithme traitant du contact de
manidre plus géndrale est en cours de développement. Dans la fin de l'article, on discute de

contacts évolutifs, et on considdre le cas de roulement stationnaire.

Summary - Starting from the weak formulation of the eontact problem it is shown that in a mumber
of technologically important cases, euch as wheel-rail contact in ratlways, and the comiacts in
roller bearings, the contact formation is independent of the tangeniial traction. Special
algorithme have been developed for this case; they are fully reliable. Another algorithm dealing
with more general contacte is still under development. The paper closes with a discussion of
centact evolution, and notably steady state rolling is considered.

1. INTRODUCTION

Starting from the weak formulation of the contact preoblem it is shown that in a number of
technologically important cases, such as wheel~-rail contact in railways, and the contacts in
roller bearings, the contact formation is independent of the tangential traction. This justifies
a ‘special study of this case. an algorithm for contact formation and one for friction have been
developed which under those conditions lead to a solution in a finite number of steps. They have
neen implemented for the elastic half-space, and the computer preogram has never failed up to now.

An amalgamation of the contact formation and the friction algorithms has been also
Jmplemented. This method, however, does not converge in all possible cases.

Finally, contact evolutions, notably steady state rolling, are discussed.

2, STATEMENT OF THE PROBLEM

We consider two bodies labeled 1 and 2, Their particles (xi), i=1,2,3, are described’
Lagrangean fashion, by thelr coordinates in the undeformed state, in which there are nc stresses
acting in the bodies. The bodies in the undeformed state are denoted by vaO' a =1,2, where a
sibscript C refers to the undeformed state. Their surfaces are denoted by Svao. The bodies

JOURNAL DE MECANIQUE THEORIQUE ET APPLIQUEE/JOURNAL OF THEORETICAL AND APPLIED MECHANICS
0750-7240/1988/55 12/8 3.20/ @ Gauthier-Villars




56 J. L. KALKER

undergo a deformation which for a generic particle (xi) is described by (xi).+ (yi), where yj
are the coordinates of the particle (xy) in the deformed state. We define the displacement (ui)
by

u, =y, -xl (1)

The interior and surface of body a in the deformed state are given by Va, ava.

The geformation calls up a stress field. The Piola stress GOij is defined as the forge in
i-direction per unit undeformed area with cuter normal in the j-direction. The surface traction
in i-direction on the undeformed geometry is called Pyy anq the surface traction on the

deformed geometry is called Py

A third state is defined; it is called the reference state. It is a state with known
displacement and stress, so close to the deformed state that one may linearize the deformed
quantities about it. Quantities pertaining to the reference state are given the subscript r. The
reference state is convenient in describing rolling: The undeformed state is immutable, but the
reference state is a state with known properties that moves with the bodies.

|

The surfaces Bva

viz., avaOu' avaﬁp' BVEOC,

surface traction pi is prescribed as ﬁi. av

o BVa, Bvar {a=1,2) are each divided into three corresponding regions,
ete. In OV the displacement u, is prescribed as ®,. In 3V the
alu i i alp

, dy__, 3V__ are called the potential contact
alc arc ac
area, which consist of the contact area and a neighborhood of it. The deformed potential contacts
(pot.con.) and thus the reference pot.con. are so close that we may refer them to a single
surface BVC. The contact area with respect to this surface we call N, and B is defined as 3VC\N.
In the pot.con. Bvc distinction is made between vector components along the normal n position
inte body 1, which is given a subscript n, and the tangential components which are orthogonal
to this normal. They are given a Greek index, which runs frem 1 to 2.

In the pot.con. BVC contact ceonditions hold, viz.

b, = 0 inB, @ )
e(xi} = deformed distance at (xi)sBVc measured along n, from 2 to 1;
ez 0, e =0 in K; {»
P, = Py, is compressive { =2 g} in K; (e) %(2)
IPTI def V912-+p22 < fp ., £ : coefficient of friction; we call g = fpn the
traction bound. » (@)
Gef
s E slip of body 1 over body 2;
1f = -
|ST|#O then P, fpnsT/|sTf (e}
We have
for the deformed distance: e(xi) = h(xi) + Aun
with
h(xi) in the distance between the reference states, measured from body 2 to (3)
body 1, i.e. along n;
a def u -u (u y: displacement of body a with respect to the
By 1ri " Yars 0 Mapy’t 9P ¥ pect . (4)
reference state

We consider increments in time from the previcus instant t'to the present instant t;

t' < t; quantities pertaining to the instant t' are given a prime (i}. The slip of body 1
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THREE-DIMENSIONAL ELASTIC CONTACT WITH FRICTION 57

over bady 2 at (xi) follows from

!t - T . T
{t-t )sT(xi} (t-t )wT{xi) + AuT Au .t
" where ‘
wT(xi) 1s the rigid siip, i.e. the slip of reference state of body 1 over the {3)
‘reference state of body 2. '

Au 'T is Au_l_ at the previous instant +’; Au'T is assumed known a priori.

We can now state the problem:

Given the undeformed state and the reference state, in particular the deformation between
the two and the stresses in the reference state; as well as the reference distance h(x ) and the
rigid slip Wer f£ind the deformed state: its displacement, and its stresses, in particula.r the’

surface dlsplacement and the surface loads.

3. THE PRINCIPLES OF VIRTUAL AND COMPLEMENTARY VIRTUAL WORK
Virtual work:

0z 8 Véui sub u, = Ei in Bvaou i 8Q: virtual work;
! =h+ Au =0 1in 9V ; (6a)
n c
def
! £ _—y - 1
(t-t')s, (t-t )wT + AuT Au,r P

SQ= z If_f {~g, .8u + (£, . ~p1,}06u,ldv +J' §(p,,u,)das 1 +
a1,z Vag | 01373 01 " P17 %o T Yoy ©"P0i"s) %50

{6b)
- -+
favc(t t }gﬁlsT!ds
= E [f Oij 4% - poui}suidvo + IBV (pOi-pOi)Guidso +
a=1,2 alp {6c)
- ’ — gt
}‘avc{pnﬁ(ﬂu_n) +p 8lhu) + (-t )chIsTI}dS
where summation owver repeated indices is assumed; the notation q, 3 signifies: B3q, lax3
8q: variation of g.
(f .) is the bedy force per unit undeformed volume;
* dEf L;St' material derivative; Py density in undeformed state; (ed)
the notation |qi|signifies bqi * 4, t+ 9 , and |qT| = Vq12+q22.
Complementary virtval work, defined only when po = 0 (inertialess, or quasistatic problem):
= = 5 :
fc=20 V¥ cij'pi sub Py O(restrictifn), and GGij j =0 in V a0 (equilibrivm)
5C: complementary virtual work; p; = P; in aVaﬂp
P, 20, |pT| $g=fp, in BV (7a)
sc= & {[, wu, .o, .av, - | §tp,, T, ras,} - | &{x . -x_)p_.las_+
. a=1,2 Vg 1.3 0i3770 avaOu oL 40 BvaOc ri T0i°F0i" O
‘ {7p)
e ! —_ 1 -t T
+ favc{hﬁpn +L(e-tw, - du'd dp + (t-t") s |Sglas
= £ {-f,6 u,dc av.+ | {u, -T,)8p_,48 } +
as1,2 V.0 1770i3,37 0 Bvam 1 i oo 70y

+ J’avc{(aunm)dpn # (et v+ Bu - Butd dp + (t-t") |5T|59}c'ls

xri= position of particle in in the reference state.
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58 I J. KALKER

These variatidnal inequalities have heen derived and verified in Kalker (1986} .

We make the following remarks.,

a) Both principles are formulated so that the constitutive relation of the bodies are left open.
&
& S0 one can substitute for an elastic body, a viscoelastic body, an elastoplastic body, etec.
without having to change the formulation of the contact part of the problem.

p) The principle of virtual work (6) operates on the variation of the displacement field 5uir
which is only restricted by (6a). The variation of the slip magnitude 6|sT[ figures in the
integral over Gvc. When expressed ian the displacement variation Sui, the expression 6|ST} is

singular in the three—dimensional case which we consider exclusively when |sT| = 0, and this

constitutes a grave complication for numerical work. One way of overcoming that difficulity is
to regularize the expression [s_r{ = \/.-;124-522 to \/e-.12+322+ £, where £ is a small enough '
positive constant. This may lead to numerical difficulties.

—

¢) The principle of complementary virtwal work (7) operates on the variation of the stress 500

1]
and the surface load 6p01. These variations are restricted by (7a). A complication of a
. finite element method is that the equations of equilibrium GDij j + fOi =0 act as a
.
constraint in the interior of the body. On the other hand, a form like GIETI does not occur

in the complementary virtual work,

d} We have worked only with three—dimensional bodies in the form of elastic half-spaces. This is
a geometric approximation valid when the contact area is a small subregion of the entire
surface: its diameter must be small with respect to a typical dimensién of the body, and the

~ sarface in and near the contact should be smooth. The halfspace approximation was introduced
by Hertz (1881} more than a hundred years age. The process of approximation is as follows:
boundary conditions are set up for the real body, which then is approximated by a half-space
for the purpose of elasticity calculations. The half-space approximation is remarkably
effective. A notably example is the railway wheel-rail system.
The attractiveness of the hali-space approximation is that the displacement field due to a
point load of arbitrary direction acting af a generic point of the surface of the half-space
is explicitly known in the case of linear elastostatics. Then use of the complementary virtual

work formulation is clearly indicated, as it carries with it no complications.

4, SPECTALISATION TO LINEAR ELASTICITY
We assume linear elasticity. Then the reference state can be taken equal to the undeformed
state, be it that these coinciding states can be time dependent. Also, geometrically, we can let
the deformed state coincide with the reference state, so that we only have Va' Bva. Gij' ui, py-
The constitutive equations are

. 33 T Bigne O’ *he = Signk%3 7 Oiy T Oy _
1
=E = : = o . =
Bygnk = Thkid © Exhil 7 Shk T 7 Pnxt%n’t Shk T ke {8)

g is a positive definite relationship.

13 Bignx ®nk
Here,

Eignk * Sigpk
depend on the body number a, however,

are elastic parameters, which we will take position independent. They may

Iy ek is the linearized strainm; it is symmetric.

cij is the stress; it coincides with the Piola stress. It is symmetric.
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THREE-DIMENSIONAL ELASTIC CONTACT WITH FRICTION 59

Then, the principle of virtual work becomes, when the density [.:o0 = Q:

60 <0 VGui sub {6a)
1 : _
so=o{ T Cf {-28,,, u ,u  +fualv+][ Bpual+ _ (9)
a=t,2 Va 2 ink i3 Thek ii W, i1
-Iavc(t—t')fpn 6|sT|dS

and the principle of complementary virtual work

dcz0 Vdci 691 sub (7a)

jl
sc=8{ ¢ If

1 - - -
v 7 5140 { p,fasl + . ‘ ST
a=1,2 a -

3y
aun

+ j’avcl: hp + P (-t )w - fu'_ylas} + (t-t') |ST|5(£pn)dS

I v
<
S, SURFACE MECHANICAL FORMULATION

We now set the body force fi gqual to zero, and we suppose that in the principle of
virtual work (9) and the principlé of complementary virtual work (10} the equatieons of equi-~

librium are satisfied inside the bodies Va:

Q0 &= o} in Vv (11)

S34,9 7 E; bk ®nk,3 ~ Biink Choky T a

Then the volume integration (9) and (10) may be integrated:

dp s 0 Vﬁui,pi sub {6a), (11)

sg =80 T [~/ Lom as- [, G -Fpuast (12}
au ap

a=1,2
1
- !avc{G(EPi buy) + ;\fpn)ﬁlsrl}ds
dc 2 0 Vépi,ui sub (7a), (11)

éc

4

1 —
60 2 [fyy gemas+ [y, Pi(%ui_ui) as} +
a=1,2 ap au (133

! ' 1 _ ' 3
+ }’avc[pn(EAun +h) + p (-t w + obu - Mu')]ds) +
+ favc(t-t‘)lsTN(fpn)dS

6. THE CASE OF SYMMETRY

Assume now that the two bodies are geometrically-materially symmetric about a plane
through the pot.con. Let this plane be the plane of x and y, a#nd let the axis of z be noymal to
it, pointing into body 1. The surface tractions acting in the plane z =0 on body a are called
(xa, Ya.' za) , and the surface displacements of bedy a are (ua,va,wa) .

We have that X, = - x2. Y =-%¥,2 =-2 by Newton's Third Law.

1 i 2" 71 2’
ronsider a loading of the bodies which is mirror symmetric with respect to the plane z=0. Then

ro2 v 4
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So the displacement differences and tractions become

(&, bv, 0wy = (0,0,Zwl) (15)
X1 = X2 = 0» Y1 = Yz = 0, Z1 = - Z2 =2
a' Consider now a loading which is mirror antisymmetric with respect to the plane z = Q. Then
%‘ ' X X, =X ¥ Y ¥ z z 0 -
= - =X, - — =¥, = =
l' 1 2 1 2 1 2 {16}
W . u, = - uy, VST Ve Wy o=,
w so that (Mu,Av,Aw) = (2u1,2v1,0).
" The total field follows by superposition of {15) and (16).

We see that the tangential traction (X,Y¥) does not influence the normal quantity
A = Aun. So we can calculate the symmetric field first without reference to the tangential
\ traction. Then, Pn is known, and we can calculate the tangential quantities with the traction

bound g = fpn, whose variatlion then vanishes (De Pater (1962)).

We give the surface mechanical formulation for these normal and tangential problems.

Indeed, we set ‘ﬁ‘i

=0 on avau, and py = 0 on Bvap. We have for the normal problem:

=0, Ei = 0 for simplicity, and we substitute the constraints in Bvau and

avap' viz. u,

GQn 50 VGui.ﬁpi sub p; = 0 in Bvap' u, = 0 in GVau; (11),(8);

= > ; .
e=h + Aun G in Bvc. Bor AuT prescribed in I-)Vc,

1
6Qn =" 6I3Vc Epnﬂunas ' an

Gcn =0 Vﬁui, Spi sub p; = 0 in avap' u, = 0 in Bvau,- (11) ,(8);

p. 20 in 3V, p_, M preseribed in 3V
t n = T T c
fc = §f avcpn(?:un + h)ds

and for the tangential problem:

5QT <0 Vﬁui. ﬁpi sub u, = 0 in avau' Py = 0 in Bvap; \
;
I . I pn.Aun given in BVC: {11),(8}): B
g =-6 [-p & + fp (t-t')|s_|las
T avc 2Er T n T (18)

6Cr 20 Véui, Gpi sub u, = 0 in ava.u' Py = 0 in BVaP; (11),(8)

|p_(i < fpn in avc, P, Aun given in 3V,

dc =

1 !
1 Sfavcp_r[ (t-t)w, + yhu -Au' Jas

. We see that we can define Qn'cn'QT'C'r as functionals of which GQn, ent smay sa.. are the
variations. The functionals Qn and QT ¢an be shown strietly concave, and Cn and CT can be shown
strictly convex. The variational inequalities then imply that at the solution Qn and Q‘t are
maximal, and Cn and CT are minimal. Uniqueness of the solution follows at once, and existence

follows too if one properly defines the function spaces in whick pi'dij'u lie.

i

We note that (12) and (13) cannot be regarded as variations of functionals: (i2) and (13}
are Galerkin type problems, while (17) and (18) are optimisation problems.
Remark. When the bodles can be regarded as half-spaces for the contact calculation, see

zec. 3.4, then the requirement of geometric similarity is automatically satisfied, and the
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requirement of material symmetry reduces to the bodies being made of the same material. An
example is the contact between wheel and rail in railways, which are both made of steel. Also
the requirement of equal materials is usually satisfied in roller bearings, but the half-space
approximation is often only Barginally satisfied, as one of the dimensions of contact is
comparable to a typical dimension of the roller. However, the haif-space approximation is so

convenient that it often is adopted alsc in roller bearings.

7. DISCRETISATION

We discretise the problem by dividing the rectangular pot.con. into a regular mesh of

equal rectangles SI' I=1,..:M. On each rectangle it is assumed that a unif.om‘ load of intensity

can be calculated apalytically, see Kalker (1979). Owing t‘o the regularity of the discretisatien
net, the number of different influence numbers to be calculated is proportional to the number of
meshes N. We usually employ 50 to 100 meshes.

The influence numbers follow from the Boussinesg-Cerruti integral representation, see
e.9. Kalker (1979). Consequently the accuracy of the piecewise constant traction distribution
which we employ is comparable to that of a continucus, piecewise linear traction distribution.
To see this, we employ an analegy: the midpoint rule of numerical integration is equally
accurate as the trapezoidal rule. We pre;fer the piecewise constant traction discretisation,
because it leads to simpler expressions than the piecewise linear traction distribution. It may
be shown in the case of half-spaces, that the influence numbers A of the normal contact

E3J3

problem (17} are symmetric, as are the influence numbers A {o,=1,2) for the tangential

TaTh
problem (18}. The remaining influence numbers are antisymmetric. Summarizing,

Arags T Rgsma 7 ProgsT Pose’ PrssrT T Rorms (20
The matrices (A(I3) (33)) and (A(Ial (JB)) , where (I3),(J3),(I0) and (JBR) are each regarded as
a single index rather than as a double one, are positive definite:
> > = : =
(3(13) (33)) +h (A(IC!){JBJJ o, I, J=1,...,M; o,B8=1,2 (21)
The principles of Maximum Work and Minimum Complementary Work become after division by the
area of an element, for the normal preblem
15
1
SUP O * " F Prags ProPan S e T Bp * RpagaPyy 2 0 (22a)
1
s - =
inf C, 2 Pr3g3 ProPon ¥ PrPrn S9° Ppp 2 0 (225)
We determine the Kuhn-Tucker relations of (22}, which are equivalent to the extrematisation
owing to convexity properties. We have, by (22a),
“Py393 Pra " VrPpagz ¢ Vp 2O Ve 0 2 20 = pp =V (23a)
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where VI is a Lagrange multipLier of the coﬁstraint.'

alse, by (22b), when eI ig the Lagrange multipiier of the constraint,

p.. =0, p_2z0 ' (23b)

h, =e_2 .0, I n 2

A Pmt 1T % ®1
We see that P, is Lagrange multiplier of the constraint of (22a}: Maximum Work, while e ig
tagrange multiplier of the constraint of (22b) : Mipnimum Complementary Work. We also note that
(222) and (23a) are identical. We denote:

The region where ¢_ =0, p na 0 by N; N is called the Contact area (24)

I I
The region where eI > 0, Pin ™ 0 by B; B is called@ the Exterlor.

Such a region is completely characterised by the indices of the rectangles composing it. These
indices form a set, called an index set, which is isomorphic to the geometric region; this is
the reason why we will not make a distinction betweeh the geometric region and the index set

corresponding to it.
We turn to the tangential problem. First we define the slip:
! = — 1 . |
(t-t )sIT [t-t )wIT + AITJB(PJB P JB) . . . (25)
Then we have

oL e
sup QT = 3 AmJBpmpJB + prJI(t t )sId{ {no auxiliary conditions} (26a)

-t ! _%_ - ]
inf ¢ = pr {(E-t' by, + Apol3Ryg= Py} sub By | S %Ry (26b)

(26a) has no Kuhn-Tucker relatlens, owing to the non-differentiability of IsIT], (t=1,2).
(26b), on the other hand, possesses Kuhn-Tucker relations. They are:

t-t! + - p! = -
(-t 0wy, + By Pyg = Plag) = = Vi (ma/ 1Pz n
where the notation (I} means that no sum takes place over repeated I.
vI is the non-negative Lagrange multiplier of the constraint ;pIT| spr3. The left-hand
side of (27) can be identified with (t_t')sId' where sIa ig the slip. We conclude that the
slip is precisely opposite to the tangential traction. The complementarity relations of VI
can be interpreted as follows, cf. Coulomb's law, eqg. (2d,e):
When the slip does not vanish (I$Tal> 0), then {SIG) is strictly opposite (plm),
and IpIal = fp13. Such I form the area of slip B! (28)

< - f
When lpIal fPIB' then VI 0, and the slip |SIT[ vanishes {(area of adhesion N')

8. THE ALGORITHMS

In the algorithms we operate on the Kuhn-Tucker relations. No direct reference is made
to the object functions Qn’ Cn' QT, CT' The method 1s a force method, which is induced by the
Boussinesg-Cerruti relations (see Love (1926} pp. 192, 243). The algorithms consist of a Worker

and a Planner. In the Worker, equations are set up and solved, viz. in the case of normal

contact
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THREE-DIMENSIONAL ELASTIC CONTACT WITH FRICTION 63

PIn =0 I ¢ the Exterior B (29

4] I ¢ Contact area N,

eIn

and, In the case of tangential contact,
SIT =0 I ¢ 2Adhesion area N
Ipn_|= Py 1 e 8lip area B' (30}
(pITJ parallel to (sIT)

we start from certain proposed areas B,N,B',N'; the Planner examines the results of the Worker
with a view to the inequalities governing the problem, and on the basis of this examination it
either concludes that the solution of the contact problem has been found, or it modifies the

current regions.

In the case of the normal contact problem, with Worker (29), the Planner acts as follows:

Action of Planner in Normal Contact Probiem (NORM)

1) V¥Ie¢ Contact area N: if pIn < 0, then I is placed in the Exterior B.
2) If at the end of 1), the Exterior B has grown, Transfer to Worker.
3) W¥Ie the Exterior B: if EI < 0, then I is placed in Contact area N,
4} If at the end of 3) the contact N has grown, Transfer to Worker.
Now, PIn =0, eI >0 in B;

Pin 2 0, e = 0 in N: we are ready. . -

In the case of the tangential contact problem, with the Worker (30}, the Planner acts as follows:

Action of the Planner of the Tangential Contact Problem {TANG)

1} VIe Adhesion area N': if !PITl >pr then I is placed in §lip area B'.

'

2} If at the end of 1} B' has grown, :‘ransfer to Worker.

3) V¥Ie¢ Slip area B': if (SIT) is in the same sense as (pIT), then I is placed in the Adhesion
area N'., Note that the Worker has made them parallel!

4) if the Adhesicon area has grown at the end of 3) : Transfer tc Worker.

= i . N ..
Now, prn, (sn_) 5 opposite (PIT) in 8lip area B';

log,|
|PIT| < prn
see (2B): we are ready.

. (SI"E‘J = 0 in Adhesion area N';

Remarks.

A} We observe that the contact area consists of the areas of Slip and Adhesion: N = N'uB'.
Further, the pot.con. {1,...,M} consists of the area of Contact and the Exterior:
{f#,...,M} = NUB. Of course, N and B are disjoint, as are N' and B’.

B) The algorithms for the normal and the tangential problems are closely related. They are
both derived from an algorithm for quadratic programming, which can be proved (Kalker (1988))
to have finite convergence. Blthough the convergence of the algorithms NORM and TANG has not
been rigorously established, they have turned out to be perfectly reliable, and reach their
goals after aboutl to 10 activations of the Worker (29) or (30).

C) Note that neither NORM nor TANG make explicit use of the functions Cn and C‘r' This feature

is made use of by KOMBI, see below, and in steady state rolling, see sec. 10.
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64 1. I. KALKER

NORM and TANG are fully reliable. However, in principle they can handle only symmetric contact
problems. There are two methods to get arcund this, viz. the Panagiotopoulos (1975) process, and

the KOMBI process. .

In the Panagiotopoulos process one starts with an appiication of NORM with pég)E 0. The:
result 1s p;i). With this pii)one calculates the tangential traction pii)with the aid of TANG.
Then one returns tc NORM, and calculates the nommal traction p;ﬁjwith péi)as the given

tangential traction, etc., and one hopes for convergence.

fn the 3D case, the Panagiotopoulos process diverges often; in the 2D case its per-
formance is markedly better. }
The Panagiotopoulos process consisting of a single application of NORM and TANG is called the
Johnson process, see Bentall and Johnson {1967). In the case of symmetry it yilelds exact results.
In the case of asymmetry, the results of the Johnson process are approximate.

The KOMBI process tries to improve on the Panagiotopoulos process by letting the normal
and the tangential process interact dirxectly. Such a direct interaction is absent in the
Panagiotopoulos process. The KOMBI algorithm also consists of a Worker and a Planner; the Worker

solves (29} and (30) as a single problem. The Plamner works as follows:

Action of Planner of the Combined Contact Problem (KOMBI)

1} ¥Eie¢ Contact area N: if PIn < 0, then ¥ is placed in the Exterior B.
¥1¢ Adhesicn area Nt: if ‘PIT‘ > prn' then I is placed in Slip area B'.
2} If either'B or B' has grown: activate Worker.
3) Vie 8lip area B': if (BIT) is not opposite (pIT), then I is placed in Adhesion area N'.

4) VI¢ the Exterior B: if e_ < O then I is placed in Contact area N. In addition, I is placed

in Slip area B'. !
5) If either N or N' has grown: activate Worker.
6) READY.
Note that in the case of KOMBI, no object functional ¢ exists.
As yet, KOMBI is not fully reliable. Especially its Worker is far from perfect. Research is

still in progress.

9. FEATURES OF THE IMPLEMENTATION

NORM, TBNG, and XOMBI are implemented in the program Contact. which is confined te 3D
half space elastostatic contact. NORM and TANG are also implemented in the program Laagrol, in
which the 2D elastostatic contact of layers is considered, in combination with a Panagiotopoulos
Process.

The following features of Contact are interesting:

A) TANG and XOMBI work in essentially three modes:
1. Steady state rolling, see sec. 10.
2. Transient rolling

3. Sequences of shifts.

I shift is a contact problem in which two deformable bodies are brought into contact, and then

are displaced relative to one another without relling.

B} In all three algorithms NORM, TANG, and KOMBI one can prescribe one or more components of
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11, CONCLUSION

In this paper the weak formulation of contact.problems is briefly reviewed. A dis-

.
cretisation in position and time of the weak formulation {s introduced. Algorithms for the
solution of contact problems are presented, some of which are completely reliable. Contact

evolutions are introduced, and some problems concerning them are mentioned; finally, steady

state rolling is discussed.
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